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Capacitances of a Shielded Balanced-Pair 
Transmission Line 

By C. M. MILLER 

(Manuscript received October 4, 1971) 

The exact formulae (calculable to any accuracy) for mutual and con- 
ductor-to-ground capacitance (C m and C g ) for a shielded balanced pair 
are expressed as infinite determinants. Convergence of these determinants 
is rapid except as the conductors of the pair approach each other or the 
shield. Approximate expressions developed by Philips Research, though 
not extremely accurate, are simple and in closed form thereby allowing 
capacitance surfaces to be plotted. These surfaces show qualitatively the 
variation of capacitance with dimensions. 

I. INTRODUCTION 

The shielded balanced pair consists of two straight cylindrical con- 
ductors immersed in a homogeneous dielectric, surrounded by an 
electrically thick tubular shield. Figure 1 is a cross section of the shielded- 
pair structure. 

Dimensional restrictions are imposed which serve to keep the three 
conductors of the structure from touching. These restrictions are 
S > d and D > S + d. In terms of the traditional dimensional ratios 
u and V, u < 0.5 and V < 1/(1 + 2m). Thus, the variables u and V 
are contained in the shaded area in Fig. 2. 

The exact capacitance expression for a pair in free space (unshielded) 
is derived in most texts. 

C m = TTfn/COsh" 1 (0.5/u) (1) 

where « n = (cVo)" 1 = S.8541S53 X 10~ 12 farads/meter. 

As the spacing between the conductors approaches zero, u — > 0.5 
and C m — » co . The effect of placing a shield around the pair at a large 
relative distance cannot alter the limiting values of C m as u — * 0.5. 
Also, intuitively, as the inner conductors of the shielded pair structure 
approach the outer conductor, V — * 1/(1 + 2w) and C a — ► «>. The 
capacitance values at the limiting dimensions appear in Table I. 
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MUTUAL CAPACITANCE: C m = C, 2 +Cg/2 
DIMENSIONAL RATIOS : U = d/2S S V=S/D 

Fig. 1 — The shielded-pair transmission line. 



u =0.5 




Fig. 2— Dimensional restrictions for the shielded pair. Typical values of u and V 
for existing shielded balanced-pair cables and equivalent u and V for multipair 
cables generally lie within the dashed square. 



II. EXACT CAPACITANCE EXPRESSIONS 

J. W. Craggs and C. J. Tranter 1 derived the exact expression for 
the mutual capacitance of the shielded balanced pair. The method 
assumed a Fourier surface charge density on the conductors, the 
coefficients being determined from the constancy of the potential 
over the surfaces. The factor 5 12 is expressed in an infinite determinant 
set equal to zero. 

C- 0.044766 






/xF/mile 



(2) 



- Sis 



where 



and 
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-S, 2 a,(2w) a,(2w) 2 

•2*(2u) 1 + A„(2u)' A 21 (2w) a 
-|(2«) 2 A 12 (2«) a l + A M (2u) 4 • 



«- - l-D" - (d^ 



= 0, 
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(3) 



^4 mn = - m 5 n (-^ 



- 2 £ 2 ° +, C„ "fl^-.P 8 



(2a + l) 



and q equals (n — l)/2 or (??? — l)/2, whichever is greater. B represents 
binomial coefficients and C represents combinatorial coefficients. 



Table I — Limiting Capacitance Values 



Dimensional Condition 



Capacitance Value 



D = », 7=0 

d -► S, u -> 0.5 

S +d-*D, V -» 1/(1 +2m) 



C = 0.044765t r /cosh- 1 (0.5/w) uF/mile 
C m ^ CO 

Co -> co 



This solution lends itself well to computer calculation and for small 
values of u and V, a 2 X 2 determinant will give accurate answers. 
As m and V increase, more terms must be included until at u = 0.45, 
a 10 X 10 determinant is required to give five-digit accuracy. The 
convergence of this determinant is very slow as the conductors approach 
each other or the shield (u and V approach the limiting values). 

The exact expression for C„ , capacitance to ground of one conductor, 
was derived by the author using the method of Craggs and Tranter. 
This derivation yields another infinite determinant equal to zero. 

With polar coordinates (r, 0) let the surface charge density on r = /-j be 



M = 



2*T, 



On 



+ zZ a " cos n Q 



An even function is selected since the conductors will be equipotential 
circles. The potential due to this charge density is then 
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t ~ ^ ^ (r Y a n cos nd , ^ ,.-. 

n =i \/i/ IV 

or 

t ^ ^ A /r,\ n a„ cos w0 f «. , c v 

f 7 = -2Qa n logr + Q 2 (7) ' for r = r * • & 

71=1 V / '* 

Since three conductors, each with different polar origins, are involved, 
several coordinate transformations are required. For polar coordinates 
(p, w) with origin at r = c, = 0, and c > r, and p < c - 1\ use equa- 
tion (5). Using 

and 

h ,(i + i«k«. + i)--.g««(-jr. 

then 

cos ruo ( p 



f V = -2Qa„ logc+ 2Qa a £ 



+ 1]^)"^)"™. (6) 

For c < ?'i and p < r x — e and p < c use equation (4). Using 

(1 + - T)n = 3 " CmXm ' " Cm = rn\(n'-m)\ ' 



then 



t V = -2Qa» log r, + Q ± J (^)" g "C^)" cos «.. (7) 

For c > i\ and p > c + n use equation (5). Using previously stated 
identities, 

' V = -2Qa a log p + 20* g SMS (_*)" 



t This result, is stated in Ref. 1. 
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For polar coordinates (p, u) with origin at r = c, 9 = t, and c > r, 
and p > c + r, use equation (5). 



V - -2Qa logp + 2Qa £ 



cos mo c 



+ Q g (*J & £ . B .^j cos (m + n) „. (9) 

For the shielded balanced pair structure let the inner and outer 
conductors be numbered as shown in Fig. 3. 




Fig. 3— Polar coordinates for the three conductors of the shielded-pair structure. 
Assuming a charge distribution on conductor 1 



M-St^t Eo-cosn*), 



_'7rr. 



and on conductor 2 



/(*■ ~ *) = 2^T L 1 + ? a " cosn ( ,r - *)] 
= o^r 1+ E(-l) n a n cosnJ , 



and on conductor 3 



M = r y 



Q 



-'Trr, 



6o + 2 & n COS 710 



Writing the equation for the potential on conductor 3 with both inner 
conductors at +F potential and conductor 3 at zero potential yields 

= V 3l + V 32 + V 33 , 
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where V ab is the potential on (a) due to a charge distribution on (6). 
From (8) with p = r 3 and 2c separation between conductors 



= -2 1ogr 3 + 2 £(-- 



cos nco 



Fax _ 

From (9) with p = r a , 

+ 5fe)^ ( - 1) "l" B "fe)" C0S(m+ " v 

From (4) or (5) with r = fi = r 3 , 

^ = -2b log r 3 + D " 

Substituting k = m + n yields the total potential on conductor 3, 

~ A/cV COS71CU M | / !\n, 

= -2(2 + b ) logr 3 + 2 g y —J- t 1 + (- 1 ) ' 

A /f»V a, £ nB (c_y\_ mi + (_!)*] C o S fe,, 
Sri \r 3 / w rr^ \r 3 / 

&„ cos nw 



+ T, 

n-l 



n 



From this relationship we select the charge distribution on conductor 3 
so as to eliminate the angle («) dependence. 

f(0) = £- (-2 + E 6 2 „ cos 2nfl) (10) 

n J g t _ n = for k < n 



Using 



and 



then 



t £ n B*-nf(n, *) = E E n B-J(n, k), 
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^.--4)1> + 4&J'r*4 W 

Equation (11) gives a functional relationship between the Fourier 
coefficients for the assumed charge distributions. For conductor 2 
the total potential 7 = V 2i + V 22 + F 23 . From (6) with p = r { and 
2c separation between conductors, 

V„ --2Qbg2c+2Q±!^(-$)' 

„ = i 71 \ 2c/ 

From (4) or (5) with r = r x , 

V 22 = -2Qlogr, + £ -(-!)" 



cosnw. 



From (7) and (10) with p = i\ and r, = r 3 , 



V 23 = +4Q log aQEr - £ 2n C m p I cos m*>. 
„ =1 2n \r 3 / ^ \c / 

The total potential on conductor 2 is then, 
Va o , n i .-> ^ cos n« / r,\" . ^ a„ . ,._ 



+ XJS2J £"*■-£' - 



+ 4 logr, + 2 |2= (^-Y" f 2m C n (^)" cosrto. 
^r{ 2m \r 3 / ^ \c / 

For n = 0. 

*-*£ + £* (gT + Sisfcr « 

Using 2m C n = for n > 2m, 

t, Z 2M Cn/(m,7i) = 2 £ 2m C„/(m,ri). 

m-0 n-0 ,, = 2m = n 

For n = 1, 2, 3 • • ■ 

•--•!(-2)"+ <-»■?+ (-2)" £"*&)"* < 13 > 
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To obtain the final solution, substitute (11) into (12) and (13) to 
obtain a system of n + 1 homogeneous equations in n + 1 unknowns. 
The determinant of this system is then equal to zero. 



$ + .*& + «s(rvs5r(?r--* 



S &T* +<-*?+ (a Sm-?) (-»-«•• 



where 



r* — c 



—c 



r\ + c- 



and 



Using 



i-.W-f-iLM-^; 



9 = m/2 or w/2, whichever is greater. 



and transferring to the traditional dimensional ratios, u = n/2c and 
V = c/r 3 , yields n + 1 equations in the variable (—1)"' a„,/m so that 



0.089532 



1 A- I~l - F 2 * +1 T 5)l 



/xF/mile, 



(14) 



where 



-A. -f(2«) -^(2 W ) ! 



2a, 



^i (2m) 1 + A„(2u) 2 A 2 i(2w) d • ■ • 
^(2w) 2 A 12 (2u) 3 1 + A aa (2u) 4 ••• 



The convergence characteristics of this solution are similar to the 
C,„ solution with the added effect of the infinite product as V —> 1. 



= 
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With these two exact solutions and the computer programs to calculate 
them, other closed-form approximate solutions can be evaluated. 

III. APPROXIMATE CAPACITANCE EXPRESSIONS 

Several approximate expressions (Refs. 2 through 6) using various 
methods and useful over limited ranges of u and V have been derived. 

The Philips 3 approximate equations for C m and C a have several 
useful characteristics. 



0.17900 fiF 



where 



p = 



where 



4 cosh p mile ' 

1 1 - V'(l - 4m 2 ) 
2m' 1 + V\l - 4m 2 ) 

C. _ 0.17906 fxF 
e 2 cosh - ' q mile ' 

1 1 - T"(l - 4m 2 ) 



(15) 



(16) 



<1 = 



4T 7 



These equations are simple, easy to compute, and in closed form. 
Additionally, they give the values of capacitance shown in Table I 
at the dimensional limits. Tables II and III show that the overall 
accuracy of these relationships in the range of u and V corresponding 
to practical cables is not high. 

IV. NUMERICAL TECHNIQUES 

Several numerical techniques have been described to calculate 
capacitance by mapping equipotential lines. A grid is usually assumed 
to set values of x and y and known boundary values of potential are 
used. The value V(r, y) is taken as the average of the four neighboring 
values, and when this is true for all points, Laplace's Equation, d 2 V/dx 2 
-\- d V/dy = 0, has been solved. This relaxation method is used in a 
computer program 7 to calculate capacitance for a system of shielded 
circular conductors. 

It is difficult when using a relaxation method to determine the 
accuracy of the final solution (due to the finite grid and computer 
errors). The program 7 was run with the proper parameters to calculate 
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Table II— Percent Error in Philips C m Equation 
(Cphii.ips — C exact) 1W/Cexact 



V 


0.05 


0.1 


0.15 


0.2 


0.25 


0.3 


0.35 


0.4 


0.45 


0.5 



0.05 



0.001 



0.004 



0.012 



0.024 



0.044 




0.073 



0.114 




0.174 



0.267 







0.1 
0.15 


0.003 
0.007 


0.017 
0.038 


0.047 
0.104 


0.097 
0.218 


0.176 
0.394 


0.292 
0.657 


0.458 
1.04 


0.700 
1.59 


1.07 
2.47 






0.2 

0.25 


0.013 
0.019 

0.026 
0.035 


0.06G 
0.101 


0.182 
0.279 


0.383 
0.592 


0.699 
1.09 


1.17 
1.84 


1.86 
2.96 

4.35 
6.09 


2.89 
4.64 

6.94 
9.93 


4.52 
7.39 

11.3 
16.7 






0.3 

0.35 


0.142 
0.189 


0.395 
0.528 


0.843 
1.14 


1.56 
2.13 


2.67 
3.68 






0.4 
0.45 


0.44 
0.054 


0.240 
0.295 


0.677 
0.843 


1.47 
1.86 


2.79 
3.58 


4.90 
6.41 


8.28 
11.1 


13.9 
19.4 


24.4 
36.5 






0.5 


0.064 
0.075 


0.355 


1.03 


2.30 


4.53 


8.33 


15.0 
21.5 


28.1 
51.0 


61.7 





0.55 


0.422 


1.24 


2.84 


5.73 


11.0 




0.6 

0.65. 


0.087 
0.099 


0.496 
0.584 


1.49 
1.82 


3.52 
4.49 


7.44 
10.8 


15.7 










0.7 
0.75 


0.114 
0.132 


0.695 
0.854 


2.28 
3.22 


6.5 














0.8 

0.85 

0.9 


0.157 
0.200 
2.49 


1.15 



















Note: Typical values of u and V for shielded-pair and multipair cables generally 
lie within the enclosed area. 

C m and C g of a shielded pair with u = V between 0.05 and 0.45 in 0.05 
increments. The finest grid (33 X 33 in each quadrant) was used and 
Table IV shows the error in the relaxation solution. The conductor 
diameter for u = V = 0.05 did not include enough of the grid to com- 
pute. Unlike the approximate equations, the errors in the relaxation 
method, for the most part, are not a strong function of u and V. For 
most values of u and V (u = V > 0.2) the relaxation method is more 
accurate than the Philips equations. 



v. capacitance surfaces 

The complexity of the exact formulae for calculating the capacitance 
of a shielded balanced pair structure causes difficulty in visualizing 
how capacitance is affected by changes in dimensions. The Philip's 
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Table IV— Percent Error Using a Relaxation Method 

(C m , pF/mile) 











Percent 


u 


V 


Cexact 


Crelax 


Error 


0.05 


0.05 


0.01498054 





-100. 


0.1 


0.1 


0.01969278 


0.01985524 


0.825 


0.15 


0.15 


0.02442631 


0.02445576 


0.121 


0.2 


0.2 


0.02987059 


0.02984397 


-0.089 


0.25 


0.25 


0.03669688 


0.03665908 


-0.103 


0.3 


0.3 


0.04594544 


0.04589750 


-0.104 


0.4 


0.4 


0.0S314346 


0.08311094 


-0.039 


0.45 


0.45 


0.13697544 


0.13692383 


-0.038 






(C* E , /iF/mile) 












Percent 


u 


V 


Crxact 


Crei.ax 


Error 


0.05 


0.05 


0.01178299 





-100. 


0.1 


0.1 


0.01624484 


0.01363114 


-16.1 


0.15 


0.15 


0.0209077S 


0.02052972 


-1.81 


0.2 


0.2 


0.02632710 


0.02623542 


-0.348 


0.25 


0.25 


0.03308222 


0.03298550 


-0.292 


0.3 


0.3 


0.04210923 


0.04203434 


-0.178 


0.35 


0.35 


0.05529502 


0.05520572 


-0.162 


0.4 


0.4 


0.07744843 


0.07732726 


-0.156 


0.45 


0.45 


. 12737824 


0.12717648 


-0.158 



equations provide simple functions which can be plotted to give a 
qualitative picture of a capacitance surface. Computer plotting of a 
function of two variables 8 has been described and will be used to display 
capacitance surfaces along with scales, coordinate axes and a "cube 
of reference." 

Figures 5, 6, and 7 are plots of capacitance surfaces as functions 
of d/D and S/D. The dimensional restrictions with these ratios, map 
into the region shown in Fig. 4. 

These plots in the interval 0.05 S d/D ^ 0.3 and 0.35 ^ S/D ^ 0.65 
can be interpreted as capacitance surfaces normalized to some constant 
outer conductor diameter (say D = 1). Figure 5 shows C 12 /e to be a 
monotonically increasing function of d/D and a monotonically de- 
creasing function of S/D with a maximum slope as the inner conductors 
approach each other. Figure 6 shows CJe is an increasing function of 
both d/D and S/D with a maximum slope as the inner conductors 
approach the shield. CJe, plotted in Fig. 7, is seen to contain the 
sum of previous effects with approximately equal weighting. 
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S+d = D 




Fig. 4 — Dimensional limits as functions of d/D and S/D. The shaded area defines 
the plotting interval in Figs. 5, 6, and 7. 




0.65 



Fig. 5 — Cn/t as a function of d/D and S/D. 



772 



THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1972 




Fig. 6— CJt as a function of d/D and S/D. 



The previous three plots show qualitatively how C m and its com- 
ponents vary with dimensions. They also reinforce the previous intuitive 
statements made regarding behavior at dimensional limits. Thus, for 
a given d/D, CJt is seen to increase as S/D increases (wires approach 
shield) whereas Cn/t is seen to increase as S/D decreases (wires ap- 
proach each other). CJt, the functional sum of CJt and C 12 /e, therefore 
has a minimum with respect to S/D. The position of this minimum is 
only a slight function of d/D; for 0.05 g d/D ^ 0.3, CJt is minimum 
for 0.48 ^ S/D g 0.5. 



VI. INVERSE PLOTS OF PHILIPS EQUATION 

With the Philips equations, values of u and V can be obtained for 
a given C m /t and CJt (as could be measured in a cable). Thus from 
equations (15) and (16), 
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0.179066 
0.17906e 



P + Vp" — 1 = exp 
q + VV/ — 1 = exp 



2C a 
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(17) 

(18) 



using cosh ' a = log f (a + Va 5 — 1) for a ^ 1. 

Solving (17) and (IS) iteratively for p and q yields two simultaneous 
iterative equations in two unknowns. 



= J_ 1 - V\l - 4m 2 ) 
P 2w'l + Hi - 4m' j ) 



1 1 - Hi ~ 4m 2 ) 
2m' 4V- 



(19) 
(20) 




Fig. 7 — C M /« iis a function of <I/D and S/D. 
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Solving (19) for V 2 and substituting in (20) yields, 

T/2 1 — 2up (21) 

v " 1 - 4u 2 + 2up - Sup 

and 

&<p(l - 2up) = . _ (1 - 2wp) 2 (l - 4m 2 ) 2 (22) 

1 - 4w 2 + 2up - 8w 8 p (1 - 4w 2 + 2u P - Wp) 2 

Equation (22) can now be iteratively solved for u and substituted 
in (21) to get V. The variables u and V are again inconvenient from 
the standpoint of intuitive visualization. In the manufacture of a 
shielded balanced-pair cable, D and S are difficult to control; however, 
d can be accurately controlled. Even if d varies down the length of 
the cable this can be related to die wear or to elongation, which can 
be modeled. Normalizing 8 and D with respect to d yields, 

? = f (23) 

d 2u 



and 

D 



d 2uV 



(24) 



Figures 8 and 9 are surfaces of S/d and D/d as functions of C m /e 
and CJe in the following regions. 

0.02 ^ CJe g 0.07 

0.015 ^ CJt ^ 0.035. 

No attempt is made to define the bounding values for C m /e and 
CJt; however, the above represents one of the largest rectangular 
regions the author could find by trial and error. These surfaces have 
the expected general shape (S/d — > « as CJe -> C /2e and D/d -» w 
as C B / € -* 0). 
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S/d 




0.035 



Fig. 8 — S/d as a function of C,„/e and C»/e. 



VII. CONCLUSIONS 

The exact expressions for C m and C g must be used if a high degree 
of accuracy is desired. As the conductors approach each other or the 
shield, the convergence of the exact solutions is slower and the accuracy 
of approximate expressions is less. For large values of u and V, the 
relaxation method yields a more accurate result than the Philips ap- 
proximate equations; however, the error is difficult to ascertain. Ca- 
pacitance surfaces using the Philips relationships show a great deal 
about the manner in which capacitance varies with dimensions and 
enables inverse plots of dimensions versus capacitance. 
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0.035 



Fig. 9 — D/d as a function of C,„/t and C„/e. 
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